Abstract. Given a space X let L X denote its rational homotopy Lie algebra π * (ΩX) ⊗ Q. A cell attachment f : ∨ i S n i → X is said to be free if the Lie ideal in L X generated by f is a free Lie algebra. This condition is shown to be general in the following sense. Given a space X with rational cone length N , then X is rationally homotopy equivalent to a space constructed using at most N + 1 free cell attachments.
Introduction
Given the central role of CW-complexes in algebraic topology, attaching maps are an important area of study. Consider the following adjunction space
constructed by attaching a finite-type 1 wedge of cells to X by the attaching map f : W = i∈I S ni → X. We remark that all of our spaces are assumed to be simply-connected and to have the homotopy-type of a finite-type CW-complex.
The class of inert attaching maps has been well-studied [HL87, Ani82, FT89] . Under the Samelson product, π * (ΩX)⊗Q has the structure of a graded Lie algebra. It is called the rational homotopy Lie algebra and we will denote it by L X . Let ι denote the inclusion X ֒→ Y in (1.1). The attaching map f in (1.1) is said to be inert if the induced map π * (Ωι; Q) : L X → L Y is surjective. Unfortunately this is not a general class of attaching maps. There are many spaces (for example CP 2 ) which do not have the rational homotopy type of any space constructed out of inert attaching maps.
In [Bub03] , the author introduced the more general class of free cell attachments. The attaching f in (1.1) is said to be free if the Lie ideal generated by the image of the induced map
is a free Lie algebra. In this article it is shown that this class of attaching maps is general in the following sense. We first introduce some standard notions. A map f : X → Y is a rational homotopy equivalence if the induced map L X → L Y is an isomorphism. Two spaces X and Y are said to have the same rational homotopy type, denoted X ≃ Q Y if they are connected by a sequence of rational homotopy equivalences. A space X N is said to be a spherical N -cone there exists a sequence of spaces (1.2)
. A space X is said to have rational cone length N , written cl Q (X) = N , if N is the smallest number such that X ≃ Q X N for some spherical N -cone X N . We remark that a space with rational LusternikSchnirelmann category N has rational cone length of N or N + 1 [Cor94] . Definition 1.1. Say that a space X N is a free spherical N -cone if there exists a sequence of spaces as in (1.2) such that each of the attaching maps f k is a free cell attachment. Say that a space X has rational free cone length N , written fcl Q (X) = N , if N is the smallest number such that X ≃ Q X N where X N is a free spherical N -cone.
Our main result is the following.
Theorem A. Let X be a spherical N -cone. Then there is a free spherical N + 1-cone X ′ and an inclusion X ֒→ X ′ which is a rational homotopy equivalence.
From this we immediately get the following corollary.
We will prove this result by proving an equivalent statement for differential graded Lie algebras and using Quillen models to provide a bridge between the two.
Let R be a commutative ring with identity. A graded R-module M = ⊕ i∈Z M i is said to have finite-type if each M i is finite-dimensional. We will always assume that our graded R-modules have finite-type.
A differential graded Lie algebra (dgL) is a graded R-module L with
′ between dgLs is said to be a quasi-isomorphism if the induced map HU L → HU L ′ is an isomorphism. If R = Q this is equivalent to the condition that
) be a free dgL which satisfies the following. W = {W i,j } is a free bigraded R-module such that (LW, d) is a dgL using the grading induced by the second grading on W , and the following conditions hold:
Note that in general (LW, d) is not a bigraded dgL. In the next section we will define a separated condition for dgLs. The algebraic version of Theorem A is the following.
Theorem B. Let L be a dgL over a field with cone length ≤ N . Then there is a separated free dgL constructed by a sequence of
In the next section we will see that Theorem A follows from Theorem B using the correspondence between spherical N -cones and free dgLs of length N .
Applying the results of [Bub03] to Theorem B helps one to calculated the homology of a dgL and thus the rational homotopy Lie algebra. This is summarized in Theorem C below. We use the following notation.
denote the Lie subalgebra of B generated by the image of θ. Note that we omit θ from the notation.
So for example and L 
for some Lie algebraL i . Corollary 1.6. HL ∼ = iL i as Q-modules, and there are Lie algebra injectionŝ L i ֒→ HL.
Outline of the paper:
In section 2 we introduce some terminology needed to state Theorems D and E and a more precise version of Theorem B. We use these to prove Theorems A and C.
In section 3 we use Theorems B and E to prove Theorem D.
In sections 4 and 5 we prove Theorems B and E respectively.
Free Lie subalgebras and separated dgLs
Let L be a free dgL (LW,
and B(L i ) denote the Lie subalgebras of cycles and boundaries in
is the Lie subalgebra of M i generated by im(d :
= 0. This condition says that the attaching map of the (i + 1)-level has no effect on the homology of the (i − 1)-level.
We now state a more precise version of Theorem B which we will use to prove Theorem A.
Theorem 2.4 (Theorem B'). Given a free dgL
Remark 2.5. We note that Theorem 2.4 implies Theorem B since a dgL L with cone length ≤ N is quasi-isomorphic to a free dgL of length ≤ N .
Mi ] ⊂ L Mi is a free Lie subalgebra. Given an increasing filtration . . .
If M has the structure of an algebra or Lie algebra, then there is an induced algebra or Lie algebra structure on gr(M ). If M has a (separate) grading, then gr(M ) is bigraded.
When we write gr(M i ) and gr(M i /[dW i+1 ]) we will always be using this filtration.
Theorem D. Let L be a free dgL over Q which is separated. Then L is strongly free and for all i, there are Lie algebra isomorphisms
Mi . We will now use Theorems B' and D to prove Theorems A and C.
Proof of Theorem A. Let X be a spherical N -cone. Hence X has a Quillen model (LW, d) with length N .
By Theorem 2.4 there is a quasi-isomorphic bigraded extension (LW
is the Quillen model of a space X ′ which can be constructed by attaching to cells to X as follows. In fact, we will construct a sequence of spaces
There is a composite map
Choose a Q-module basis {y j } j∈J forW i+1, * . Let m j = |y j |. Let
is strongly free, X ′ is constructed by a sequence of free cell attachments. That is X ′ is a free spherical N + 1-cone. The inclusion X ֒→ X ′ induces the following commutative diagram.
Hence it is a rational homotopy equivalence.
Proof of Theorem C. Let L be a dgL with length N (see Definition 1.3). Then by Theorem 2.4 there is a quasi-isomorphic bigraded extension (LW, d) ⊃ L with
Let V i = (HL i ) 1 and recall that M i is filtered by the filtration in Remark 2.7. Then by Theorem D, (LW, d) is strongly free and for all i, it satisfies gr
], which has a filtration induced by the filtration on M i . Thus we have the following short exact sequence of filtered, graded Lie algebras:
which induces a short exact sequence of bigraded Lie algebras:
Since any Lie subalgebra of a free Lie algebra is automatically free, gr
Finally we state a purely algebraic result we will need which may be of independent interest.
Theorem E. Let L be a finite-type graded Lie algebra over a field. Assume that there is a filtration {F
Then J is a free Lie algebra.
Properties of separated dgLs
In this section we will use Theorems B and E to prove Theorem D. We will prove the more technical Theorems B and E in later sections.
We will prove Theorem D by induction. A main part of the induction will use the following theorem, which is the main algebraic result from [Bub03] . Note that U denotes the universal enveloping algebra functor.
Theorem 3.1 ([Bub03, Theorem 3.12]). Let R = F p with p > 3 or R ⊂ Q containing
free Lie algebra, then as algebras
Proof of Theorem D. Let L be a dgL over Q which is separated.
Assume that L i is strongly free, gr(
Mi . This is trivial for i ≤ 1.
Mi ] is a free Lie algebra. Hence L i+1 is strongly free.
Then by Theorem 3.1, as algebras
It is a result of Quillen's that
For any Lie algebra L, U L has a canonical cocommutative Hopf algebra structure. Let P denote the primitive functor. Over Q, the composition P U is the identity functor [MM65] . Therefore gr(
It follows that L Mi Mi+1 ∼ = (HL i+1 ) 0 . This finishes the inductive step.
Replacing dgLs with separated dgLs
To prove Theorem B, we will need the following lemmas.
Lemma 4.1. Let W be a free R-module and let α, β ∈ (LW, d) with dβ = α. Let W ′ = W ⊕ R{a, b} where |a| = |β| and We want the show that θ is an isomorphism. Since LŴ ∼ = LW ′ as R-modules, it suffices to show that θ is surjective.
Notice that a = θ(â + β). Thus the Lie algebra generators of LW ′ are in the image of θ. Since LŴ is a free Lie algebra, it follows that θ is surjective. Therefore
Corollary 4.2. Let L = (LW, d) with {α j , β j } j∈J ⊂ LW where dα j = 0 and
Given an R-module M , let ZM , BM denote the R-submodules of cycles and boundaries.
The proof of theorem B will rely on a two-step inductive procedure given in Proposition 4.9. To help with the book-keeping, we introduce the following definitions. Recall that M denotes HL. 
Then there exists a bigraded extensionL
Since no cells of dimension ≤ n are added (N ′ k ) ≤n can't be any larger than (M k ) ≤n . Furthermore cells that are added in dimension n + 1 correspond to the non-trivial case mentioned above. That is they are hitting preimages ofV ⊂ [LŴ
We also claim that L ′ is (k, n + 1)-separated, which would establish part (a) of the statement of the proposition. We need to show that
We have the following commutative diagram
where the top row is exact sinceV ⊂ [LŴ
which by (4.5) equals 0. This proves part (a) of the statement. To prove part (b) of the statement we simply iterate part (a). By iterating (a) we get a sequence of dgLs
where
Proof of Theorem B. Since any dgL is 1-separated, Theorem B follows by applying Proposition 4.9, N times.
A generalized Schreier property
In this chapter we give a simple criterion which we prove guarantees that certain Lie subalgebras are free.
It is a well-known fact that any (graded) Lie subalgebra of a (graded) Lie algebra is a free Lie algebra [Mik85, Šir53, MZ95] (this is referred to as the Schreier property). In this chapter we generalize this result to the following. Before proving this theorem, we prove the following lemma.
Lemma 5.2. Let J be a finite-type filtered Lie algebra such that gr(J) is a free Lie algebra. Then J is a free Lie algebra.
Proof. By assumption there is an F-moduleW such that gr(J) ∼ = LW .
Let {w i } i∈I ⊂ gr(J) be an F-module basis forW . Let m i = deg(w i ). That is,w i ∈ F mi J/F mi−1 L. For eachw i choose a representative w i ∈ F mi J. Let W = F{w i } i∈I ⊂ J.
Then there is a canonical map φ : LW → J. Grade LW by letting w i ∈ W be in degree m i . Then φ is a map of filtered objects and there is an induced map θ : LW → gr(J). However the composite map − → LW . So θ is an isomorphism. Therefore φ is an isomorphism and J is a free Lie algebra.
Proof of Theorem E. The filtration on L filters J by letting
From this definition it follows that the inclusion J ֒→ L induces an inclusion gr(J) ֒→ gr(L). So gr(J) ֒→ gr(L) ∼ = L 0 ⋉ LV 1 . Since J ∩ F 0 L = 0 it follows that (gr J) 0 = 0 and gr(J) ֒→ (gr J) ≥1 ∼ = LV 1 . By the Schreier property gr(J) is a free Lie algebra.
Thus by Lemma 5.2, J is a free Lie algebra.
The following corollary is a special case of this theorem. Note that since J is not necessarily homogeneous with respect to degree J ∩L 0 = 0 does not imply that J ⊂ LL 1 .
